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The recent direct experimental measurement of quantum entanglement paves the way towards
a better understanding of many-body quantum systems and their correlations. Nevertheless, the
experimental and theoretical advances had so far been predominantly limited to bosonic systems.
Here, we study fermionic systems. Using experimental setups where multiple copies of the same
state are prepared, arbitrary order Re´nyi entanglement entropies and entanglement negativities can
be extracted by utilizing spatially-uniform beam splitters and on-site occupation measurement. As
an example, we simulate the use of our protocols for measuring the entanglement growth following
a local quench. We also illustrate how our paradigm could be used for experimental quantum
simulations of fermions on manifolds with nontrivial spin structures.
I. INTRODUCTION AND MAIN RESULTS
Quantum entanglement is a profound property of
many-body quantum systems [1]. Entanglement recently
surfaced in many areas of quantum physics, both in con-
densed matter [2] and in high energies [3–5]. Moreover,
entanglement is crucial for the investigation of strongly
correlated many-body systems [2] and thus a cornerstone
in building effective numerical techniques for strongly
correlated many-body systems [6–10]. It is therefore im-
portant to develop experimental protocols for the de-
tection and characterization of entanglement. Entangle-
ment was recently experimentally measured in bosonic
cold atoms [11, 12], photonic chips [13], and trapped
ions [14, 15]. Moreover, there have also been many the-
oretical proposals [16–18] to measure entanglement in a
multitude of physical systems, such as quantum dots [19],
optical lattices [20–26], and Gaussian states [27]. The
method of Refs. 11 and 12 based on many-particle in-
terference is specifically appealing for condensed matter
systems since it gives entanglement between macroscopic
subsystems containing many particles.
Nearly all of experimental and theoretical advance-
ments in entanglement measurement protocols apply ei-
ther only to bosonic systems, or require the application of
interaction between fermions [24–26]. Measurement pro-
tocols for fermionic systems had so far remained elusive
due to the inherent difference of their statistics. Nev-
ertheless, an experimental protocol of the 2nd Re´nyi en-
tropy entanglement measure for fermionic systems, was
suggested by Pichler et al. [22]. Their result, however,
was derived in methods that do not directly allow gener-
alizations to other entanglement measures.
In this paper we present measurement protocols for
fermionic systems that are directly applicable using cur-
rent experimental settings [11, 12, 23, 28–33]. Results are
presented that generalize the known bosonic results for
arbitrary Re´nyi entropies and negativities. We also show
how they may be used to quantum simulate fermions on
manifolds with spin structures.
The generic types of systems we will consider consist
of identical particles, with a special focus on fermions,
hopping on lattices which are themselves partitioned
into two or more subregions. We remark that entan-
glement emerging due to quantum statistics of identi-
cal particles, either bosonic or fermionic, is receiving at-
tention and raising a number of fundamental issues [34–
37]. In view of the diverse literature on this fundamental
topic, our focus in this paper is treatment of the specific
entanglement-measuring protocols [20–24, 38, 39] imple-
mented in Refs. 11 and 12.
A. Entanglement Entropy
Entanglement is naturally quantified by the entangle-
ment entropy [1], which measures the information in
a subsystem with no knowledge of the remaining sys-
tem. The entanglement entropy was shown to be useful
in probing numerous properties of many-body quantum
systems [2, 3, 38, 40–43], such as quantum critical be-
haviour [44] and non-equilibrium dynamics [21, 45]. For
example, the entanglement entropy of scales differently
for bosonic and fermionic systems [46, 47]; furthermore,
many novel states of matter that cannot be defined by
their symmetries, such as topological phases [48–50] and
spin liquids [51, 52], are discernible by their entanglement
entropy scaling properties [47].
For a system in a pure state |ψ〉, its density matrix
(DM) is given by ρˆ = |ψ〉〈ψ|. If one bi-partitions the
system into A ∪ B, the quantum information available
to an observer in region A is encoded by the reduced
DM, ρˆA = TrB ρˆ. One may thus use the subsystem von-
Neumann entropy S(A) = −TrρˆA log ρˆA to quantify the
entanglement between the subsystems. If A and B are
unentangled, |ψAB〉 = |ψA〉|ψB〉, then S(A) = 0 and
Tr{ρˆnA} = 1 for any integer n ≥ 1. One may therefore
use other entanglement measures such as the Re´nyi en-
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2tanglement entropies [1, 53],
Sn(A) =
1
1− n log Trρˆ
n
A, (1)
which give various entanglement bounds [54–56] and
are directly related to the von-Neumann entropy
S(A) = limn→1 Sn(A). Moreover, even if the sys-
tem A ∪B is in a mixed state, one may use these en-
tropies to evaluate the mutual information [2, 5, 47]
In(A : B) = Sn(A) + Sn(B)− Sn(A ∪B).
B. Measurement Protocols
Following theoretical proposals in Refs. 20 and 21, a
measurement of the 2nd Re´nyi entropy was realized by
Islam et al. [11]. This experimental advancement was
accomplished using many-copy protocols where one cre-
ates n identical copies [16, 57] of a system with a DM
ρˆ⊗n = ρˆ ⊗ ρˆ ⊗ · · · ⊗ ρˆ. The key theoretical idea put
forwards by Daley et al. [21], is that, for any bosonic sys-
tem, the entropies may be directly extracted from occu-
pancy measurements of the particle number NAk in copy
k = 1 . . . n of region A.
The basic steps of the protocol are depicted in Fig 1
and are as follows:
(i) Prepare n copies of a quantum system; Fig. 1(a).
(ii) Apply a unitary evolution realizing a Fourier trans-
form (FT) in the n-copy spase; Fig. 1(b).
(iii) Measure the occupancies, NAk , in every copy,
and evaluate a function of the occupancies, f({N}) =∏n
k=1e
2piik
n N
A
k ; Fig. 1(c). It is this function which is af-
fected by fermionic minus signs; see Eq. (3).
(iv) Repeat these steps and calculate the average
〈f({N})〉.
Such an experimental protocol was carried out for
n = 2 by Islam et al. [11]; see Ref. 21. The protocol
is encapsulated by the following operator relation,
TrρˆnA = Tr
{
f({Nˆ})˜ˆρ⊗n}, (2)
where, ˜ˆρ⊗n is a Fourier transformed DM; see Eqs. (8),
(19) for a technical definition.
The first main result of this paper is the novel adap-
tation of this protocol to fermionic systems, where we
find
f({N}) =

δNAavg∈N (−1)N
A
avg
n∏
k=1
e
2piik
n N
A
k n even,
δNAavg∈N
n∏
k=1
e
2piik
n N
A
k n odd.
(3)
Here, NAavg =
1
nN
A
tot =
1
n
∑n
k=1N
A
k . In fact, all protocols
in this paper are to be interpreted using the same (i-iv)
steps; the various entanglement measures differ only by
the choice of FTs and of f({N}), they are also brought
in a similar form to that of Eq. (2).
FIG. 1. Schematic description of the measurement protocols,
Eqs. (3), (32), for either entanglement entropy between A =
A1 ∪ A2 and B, or entanglement negativity between A1 and
A2. For discussion, see Sec. I B.
C. Entanglement Negativity
The entropy ceases being a good measure of entan-
glement between two subsystems when the system is ei-
ther open, mixed, or multi-partitioned. Therefore, in
these generic cases, other entanglement measures must
be deployed [1, 58]. Entanglement negativity [59] is
both computationally tractable and experimentally vi-
3FIG. 2. Simulations of our measurement protocols for the Klich-Levitov quench model; see Sec. I D. (top) Potential barrier
between two spinless leads is eliminated at t = 0. (bottom) Simulated entanglement measurements at times t > 0, in units of
lattice spacing over Fermi velocity. Dots with error bars display protocols’ outcomes, solid lines depict exact entanglements.
Additional parameters are given Sec. IV.
able [24, 60–63]. It emerged as a principal entanglement
measure [1, 2, 40, 58, 62, 64–70] and was explored in var-
ious contexts ranging from numerical techniques [67, 71–
73] to field-theory calculations [66, 74–77].
In such generic cases, it is desirable to quantify the
entanglement between two subsystems A = A1 ∪A2 cou-
pled to an environment B. Using the Peres-Horodecki
entanglement criterion [59], one sees that entangle-
ment is entailed by nonvanishing logarithmic negativity
E(A1 : A2) = log |ρˆT2A |. Here, the partial transpose ρˆT2A of
a DM ρˆA is given by transposing the indices at region A2,
i.e. 〈IA1 ; JA2 |ρˆT2A |KA1 ;LA2〉 = 〈IA1 ;LA2 |ρˆA|KA1 ; JA2〉.
In an analogous fashion to the entropic case, one may
similarly study the Re´nyi entanglement negativities
En(A1 : A2) = log Tr{(ρˆT2A )n}, (4)
such that E(A1 : A2) = limn→1/2 E2n(A1 : A2).
Recently, a practical proposal, for accurately estimat-
ing the negativity in a bosonic setting, using an effi-
cient number of measurements, was suggested by Gray et
al. [24], utilizing a similar type of many-copy scheme [39].
Our second main result is a protocol for measuring the
Re´nyi negativities in fermionic systems, using the proto-
col steps (i)-(iv) described above, with suitably modified
FT and f({N}); see Eqs. (31), (32).
D. Further Applications and Examples
As the main results of this paper we obtain mea-
surement protocols that generalize the bosonic proto-
cols for all Re´nyi entanglement entropies Sn(A) ∼ TrρˆnA
and all Re´nyi entanglement negativities En(A1 : A2) ∼
Tr{(ρˆT2A )n}. This is done in a manner suiting fermionic
systems, and even, as our third main result, allows the
simulation of fermions on manifolds with nontrivial spin
structure; see Sec. III D.
As an example simulating an experimental implemen-
tation of our protocols we consider the Klich-Levitov
quench model [3, 78–84], connecting two decoupled non-
interacting fermionic tight-binding chains at a certain
time, and tracking the resulting growth of entanglement
between two subsystems thereof. While in this model
we can easily compute the Re´nyi entropies or negativi-
ties exactly, showing entanglement growth and finite size
oscillations, extracting quantum averages in a real ex-
periment with a finite sampling of the quantum mea-
surements may become demanding. In order to account
for this hurdle and demonstrate that reasonable results
can be obtained with a finite sampling, we explicitly
simulated a probabilistic measurements of N
A1,2
k within
the exact state. This is done using the techniques of
Refs. 38, 39, 72, 73, 85, and 86 and the results are pre-
4sented in Fig. 2. A more detailed discussion of the model
and analyses is given in Sec. IV
To simplify the discussion below we concentrate on
states where the total particle number in the entire sys-
tem A∪B is conserved. However, a closer look shows that
only the conservation of total fermion parity is needed,
making our results applicable to, e.g., mean-field super-
conductors [87]. Furthermore, following recent progress
in resolving both entropy and negativity into symmetry
sectors [38, 39], our protocols can be straightforwardly
generalized as to directly measure both the symmetry
resolved entropy, S(N) ∼ Tr{δNˆA,N ρˆnA}, and negativity,
E(∆N) ∼ Tr{δ(NˆA1−NˆA2 ),∆N (ρˆT2A )n}.
Moreover, knowledge of the Re´nyi entropies and nega-
tivities yields useful information about the entanglement
spectrum [1, 23, 38, 41–43] of ρˆA and the negativity
spectrum [24, 64, 67, 76] of ρˆT2A . These spectra fully
characterize all entanglement attributes, and even par-
tial knowledge of the Re´nyi entropies and negativities
may be utilized to extract valuable entanglement spectra
properties.
The paper is organized as follows. In Sec. II we intro-
duce the shift operators in n-copy spaces as our main tool
to compute the Re´nyi entropy. We show how fermionic
signs enter this quantity, and how one can use charge
conservation to correctly account for these signs in the
entanglement measurement protocol. In Sec. III we move
to the case of entanglement negativity and show that it
is intrinsically more complicated. We resolve this case
by utilizing the local Majorana operator formalism, and
show how the fermionic signs can be accounted for by
the Fourier transform. In Sec. IV we provide an exam-
ple where we estimate the utility of our protocol in an
experiment; we finally conclude in Sec. V.
II. ENTANGLEMENT ENTROPIES
A. Shift Operators in n-copy Space and Fermionic
Signs
We begin our discussion by introducing the key player
in this paper, which is the shift operator VˆA. It acts on
the states |ψA1 , ψA2 , . . . , ψAn 〉 in the n-copy Hilbert space
of region A, by shifting them among the copies [57],
VˆA|ψA1 , ψA2 , . . . , ψAn 〉 = |ψAn , ψA1 , . . . , ψAn−1〉, (5)
TrρˆnA = Tr{VˆAρˆ⊗n}. (6)
One should thus come up with a protocol that measures
VˆA on the n-copy system ρˆ
⊗n to obtain TrρˆnA and thus the
entropies, Eq. (1). Note, that all the following derivations
hold more generally for the trace of a product of different
DMs, Tr{ρˆ1A · · · ρˆnA} = Tr{VˆA(ρˆ1⊗ · · · ⊗ ρˆn)}, and that
we restrict our attention to identical ρˆk for simplicity.
Consider a fermionic state in the occupation basis,
|M〉 = |m1,m2, . . . ,mn〉 = (aˆ†1)m1(aˆ†2)m2 · · · (aˆ†n)mn |0〉.
(7)
Here, [mk]j ∈ {0, 1} is the occupation at site j ∈ A of
copy k = 1 . . . n, and (aˆ†k)
mk def=
∏
j∈A[aˆ
†
k]
[mk]j
j , where the
product is taken at some fixed order. Let us investigate
what becomes of the state under the action of a unitary
evolution manifesting a FT in the k = 1 . . . n copy space,
Fˆ aˆ†k′ Fˆ
† =
1√
n
n∑
k=1
ωk
′kaˆ†k, (8)
where ω = e
2pii
n is a primitive root of unity. This trans-
formation may be performed by evolving the system un-
der noninteracting Hamiltonians, and its implementation
may be carried out in numerous ways [21, 23, 31, 88, 89]
such as a series of beam-splitters. The evolution acts on
the general state as
Fˆ |m1, . . . ,mn〉 =
(∑
k
ω1k√
n
aˆ†k
)m1· · ·(∑
k
ωnk√
n
aˆ†k
)mn |0〉. (9)
This can be related to the shift operator VˆA by looking at
the phase operator UˆA, used in the bosonic variant with
f({N}) = ∏nk=1 ωkNAk ,
UˆA
def
=
n∏
k=1
ωkNˆ
A
k , UˆAaˆ
†
k = ω
kaˆ†kUˆA. (10)
When acting on the FTed state it yields
UˆAFˆ |M〉 =
(∑
k
ω(1+1)k√
n
aˆ†k
)m1· · ·(∑
k
ω(n+1)k√
n
aˆ†k
)mn |0〉
=
(∑
k
ω2k√
n
aˆ†k
)m1· · ·(∑
k
ωnk√
n
aˆ†k
)mn−1(∑
k
ω1k√
n
aˆ†k
)mn |0〉
= (−1)|mn|(|m1|+...+|mn−1|)Fˆ |mn,m1, . . . ,mn−1〉
= Fˆ VˆA(−1)NˆAn (NˆAtot−NˆAn )|M〉, (11)
where |mk| =
∑
j∈A[mk]j . In exchanging the order of
creation operators, we used the fermionic commutation
relations and accumulated a phase in order to get the
form of Eqs. (5), (9). Since this equation holds for all
states |M〉, one has
VˆA = Fˆ
†UˆAFˆ (−1)NˆAn (NˆAtot−NˆAn ). (12)
This formal result is crucial for our further analyses.
In the bosonic case, where the minus sign is absent, it
provides an alternative proof of the measurement proto-
col by Pichler et al. [23] . Namely, measurements of the
function f({N}) following the FT, which is nothing but
Fˆ †UˆAFˆ , yield the shift operator in the many-copy space.
The latter gives the n-th Re´nyi entropy by definition.
Below, we will use Eq. (12) to change the function
f({N}) in order to account for the fermionic minus sign.
5We remark that, a priory, this is not obvious since the
number operators, NˆAk , determining this sign are number
operators of individual copies, before the FT. The exper-
imental protocol, however, measures the number opera-
tors only after the FT. However, as we hereafter demon-
strate, conservation laws relate the number operators in
different copies and allow one to measure the fermionic
signs just from the total number operator.
B. Conservation Laws
Using this operator relation, we may now successfully
turn our attention to entanglement measures, whereby
particle conservation becomes useful [38, 39]. Let us ex-
amine the expectation value of the shift operator over the
many-copy reduced density matrix,
ρˆ⊗nA =
∑
M′,M
|M′〉
∏
k
[ρA]m′k,mk
〈M|. (13)
A result of particle number conservation is the com-
mutation [38] of the density matrices with the parti-
cle number [ρˆA, Nˆ
A] = 0, and hence, using index nota-
tion, [ρA]m′k,mk
= [ρA]m′k,mk
δ|m′k|,|mk|
. By also utilizing
Eq. (5) in index form, 〈M′|VˆA|M〉 =
∏
kδm′k+1,mk
, one
thus gets
Tr{VˆAρˆ⊗n} =
∑
M,M′
〈M′|VˆA|M〉
∏
k
[ρA]mk,m′k
(14)
=
∑
M,M′
〈M′|VˆA|M〉
∏
k
(
δ
m′k+1,mk
δ|mk|,|m′k|
)
[ρA]mk,m′k
.
Upon examining these combined relations one finds
|m1| = . . . = |mn| = |m′1| = . . . = |m′n|, (15)
In the n-copy space, one thus find NˆAk as good quantum
numbers. Therefore, when substituting Eq. (12) within
the trace, one may impose
NAk
∼= 1
n
NAtot = Nˆ
A
avg ∈ N, (16)
and hence, (−1)NˆAn (NˆAtot−NˆA1 ) ∼= (−1)(n−1)NˆAavg , i.e.,
Tr{VˆAρˆ⊗n} = Tr{Fˆ †UˆAFˆ (−1)(n−1)NˆAavg ρˆ⊗n}. (17)
Moreover, since the total particle number in region A is
a FT invariant, NˆAtot =
∑
k aˆ
†
k · aˆk = Fˆ NˆAtotFˆ †, we deduce
TrρˆnA = Tr{VˆAρˆ⊗n} = Tr{Uˆ ferA (Fˆ ρˆ⊗nFˆ †)},
Uˆ ferA
def
= (−1)(n−1)NˆAavg
n∏
k=1
e
2piik
n Nˆ
A
k .
(18)
As compared to Eq. (12), this formula which uses par-
ticle number conservation, allows the determination of
fermionic signs from measurements of the total particle
number. The latter is compatible with the experimental
protocol for the bosonic case, namely, it does not require
one to measure an additional non-commuting observable.
C. Entanglement Entropy Measurement Protocols
Using the particle number conservation constraints,
Eq. (18) may be recast into the following form to attain
our first main result, Eq. (3),
n even : TrρˆnA = Tr
{
δNAavg∈N(−1)Nˆ
A
avg
n∏
k=1
e
2piik
n Nˆ
A
k ˜ˆρ⊗n},
n odd : TrρˆnA = Tr
{
δNAavg∈N
n∏
k=1
e
2piik
n Nˆ
A
k ˜ˆρ⊗n}, (19)
where ˜ˆρ⊗n = Fˆ ρˆ⊗nFˆ † is the FTed DM.
This operator identity implies that measurements of
Uˆ ferA on the FTed system, according to the protocol of
Eq. (2), yield the expectation value of VˆA and hence the
Re´nyi entanglement entropy.
Note that (i) by setting n = 2, this result reduces to
the known results of Pichler et al. [22]; and (ii) for odd
n, the fermionic minus signs cancel out, and one recovers
the known results [21, 38] for the bosonic case.
Let us note a relation with field theory. One may unify
the even/odd expressions by absorbing the fermionic
minus sign in a relabelling of the FT index k as to
run over half integers for even n, such that Uˆ ferA =∏(n−1)/2
k=−(n−1)/2 e
2piik
n Nˆ
A
k . This was noticed by the confor-
mal field theory community and used to solve for the
entropies in critical fermionic systems [90–94]; we herein
showed this to hold in fact for any (non-critical) charge
conserving system.
III. ENTANGLEMENT NEGATIVITIES AND
SPIN STRUCTURES
Using the valuable properties of the shift operator
we may now address the evaluation of the negativities,
Eq. (4), of subregions A = A1∪A2 for fermionic systems.
In the bosonic case, the simplest way to evaluate the neg-
ativities relies on the properties of partial transposition,
Tr{(ρˆT2A )n} = Tr{VˆA(ρˆT2A )⊗n} = Tr{VˆA(ρˆ⊗nA )T2}
= Tr{Vˆ T2A ρˆ⊗nA } = Tr{VˆA1 Vˆ −1A2 ρˆ⊗n}. (20)
Similar to the analysis of Re´nyi entropies in Sec. II,
when exploring particle number conservation constraints
6applying to the negativity [39], one gets
〈M′A1M′A2 |Vˆ T2A |MA1MA2〉 =
∏
k
δm′1k+1,m1kδm′2k−1,m2k ,
〈MA1MA2 |ρˆ⊗nA |M′A1M′A2〉 ∝
∏
k
δ|m1k|+|m2k|,|m′1k |+|m′2k |,
(21)
cf. Eq. (14). Here |M〉Aα = |mα1 , . . . ,mαn〉 are the occu-
pations in the n copies of subregion Aα=1,2; see Eq. (7).
Upon examining these combined relations we find
|mA1n | − |mA21 | = |mA11 | − |mA22 | = . . . = |mA1n−1| − |mA2n |,
(22)
and so within the trace one may impose
NA1avg −NA2avg =
1
n
(NA1tot −NA2tot ) ∈ Z, (23)
cf. Eq. (16). Unfortunately, this is a dead end, as the
fermionic minus signs of Eq. (12) are not resolved by
these constraints. To proceed, we must utilize a different
venue.
A. Local Operators
A useful approach towards negativities (from both the
analytical and numerical perspectives) is the local oper-
ator formalism. Any operator, and hence any reduced
DM, may be expanded [44] by a basis of local Majorana
operators, aˆA1,2 = 12 (γˆ
A1,2 + iγˆ′A1,2), in the form of
ρˆA =
∑
µ1µ2
wµ1µ2(γˆ
A1)µ
1
(γˆA2)µ
2
, (24)
where [µ1,2(k)]j ∈ {0, 1} for all Majorana operators in region
A1,2 (of copy k). When performing such an expansion, a
natural choice of transposition is [72]
ρˆT2A =
1−i
2 ρˆ
+
A +
1+i
2 ρˆ
−
A,
ρˆ±A
def
=
∑
µ1µ2
wµ1µ2(γˆ
A1)µ
1
(γˆA2)µ
2
(±i)|µ2|, (25)
where |µ1,2| = ∑j∈A1,2 [µ1,2]j . This decomposition is
highly beneficial, as originally noted in the context of
Gaussian DMs [39, 72, 73, 76, 95, 96]. It was proven [72]
that ρˆ±A are Gaussian as well. To appreciate this relation,
let us look at the 3rd Re´nyi negativity, E3(A1 : A2),
Tr{(ρˆT2A )3} = −
1
2
Tr{(ρˆ+A)3}+
3
2
Tr{(ρˆ+A)2ρˆ−A}. (26)
The decomposition hereby allows one to evaluate the neg-
ativity by tracing Gaussian matrices, which is a tractable
task both numerically and analytically. We herein show
that the decomposition is useful beyond the Gaussian
case, and is valuable for any fermionic system.
Measurements of negativities Tr{(ρˆT2A )n} are reduced
to separate evaluations of monomials, Tr{ρˆσ1A ρˆσ2A · · · ρˆσnA }
with σk = ±, cf. Eq. (26). Let us begin by examining
the simplest case of a pure monomial Tr{(ρˆ±A)n}.
Key properties of the partial transposition, Eq. (25),
are that (NˆA2)T2 = |A2|−NˆA2 , where |A2| is the number
of sites in region A2, and that therefore [39]
0 = [ρˆA, Nˆ
A]T2 = [ρˆT2A , Nˆ
A1 − (NˆA2)T2 ] = [ρˆT2A , NˆA].
(27)
It is straightforward to check that [ρˆ±A, Nˆ
A] = 0
by construction. We hence recover charge conserva-
tion, which was the only prerequisite for our entan-
glement entropy results. We thus get Tr{(ρˆ±A)n} =
Tr{Uˆ ferA Fˆ (ρˆ±A)⊗nFˆ †}, by applying Eq. (18). Following
a rather technical Majorana-operator calculation (see
Appendix A) one finds that within the trace Uˆ ferA2
∼=
(Uˆ ferA2 )
−1(−1) 12
∑n
k=1 |µ2k|. This cancels the excess phases
(±i) of the decomposed DMs Eq. (25) and restores the
structure of the negativity measurements, Eq. (20),
Tr{(ρˆ±A)n} = Tr{δ(NA1avg−NA2avg)∈ZUˆ
neg
A (Fˆ ρˆ
⊗nFˆ †)},
UˆnegA
def
= Uˆ ferA1 (Uˆ
fer
A2 )
−1 (28)
= (−1)(n−1)
(
NˆA1avg−NˆA2avg
) n∏
k=1
e
2piik
n
(
Nˆ
A1
k −Nˆ
A2
k
)
.
This result incorporates the particle number conserva-
tion constraints and directly generalizes both the known
bosonic negativity measurement schemes [24, 39] and our
fermionic entropy results, Eqs. (3), (18), (19). When ap-
plying the general protocol of Eq. (2), it implies that
measurements of Uˆ ferA on the FTed system yields the
pure monomial part of the negativity; e.g., Tr{(ρˆ+A)3}
of Eq. (26). Note, that these pure monomials are in fact
equivalent to the recently proposed partial time-reversal
negativity entanglement measure [97]. This partial time-
reversal appears in the topological characterization of in-
teracting fermionic systems and constitutes a signature
of many-body topological phases [98, 99].
B. Generalized Fourier Transform
All that is left in order to complete the protocol for the
measurement of the full negativities is the treatment of
mixed monomials Tr{ρˆσ1A ρˆσ2A · · · ρˆσnA }, e.g. Tr{(ρˆ+A)2ρˆ−A}
of Eq. (26). This may be accomplished by considering
the parity operator, PˆA2 = (−1)NˆA2 , which relates the
decomposed matrices ρˆ∓A = Pˆ
A2 ρˆ±APˆ
A2 . By deploying
the parity on appropriate copies, one finds
Tr{ρˆσ1A ρˆσ2A · · · ρˆσnA } = Tr{VˆAPˆA2{σ}(ρˆ+A)⊗nPˆA2{σ}}, (29)
7FIG. 3. An example of a manifold with a nontrivial spin
structure around a homology cycle; see Coser et al. [96].
where PˆA2{σ}
def
=
∏n
k=1(Pˆ
A2
k )
δσ1,(−) . We thus get a general-
ization of the pure monomial result of Eq. (28),
Tr{ρˆσ1A · · · ρˆσnA }=Tr{δ(NA1avg−NA2avg)∈ZUˆ
neg
A (Fˆ{σ}ρˆ
⊗nFˆ †{σ})}.
(30)
Here, we utilized a generalized FT, Fˆ{σ}
def
= FˆA1 FˆA2 PˆA2{σ},
which satisfies
Fˆ{σ}aˆ
A2†
k′ Fˆ
†
{σ} =
1√
n
n∑
k=1
σk′ω
k′kaˆA2†k , (31)
cf. Eqs. (8), (10). This modified FT may be read-
ily achieved using similar unitary evolution protocols ap-
plied for the standard FT [31, 88, 89].
C. Entanglement Negativity Measurement
Protocols
By combining the operator identities, Eqs. (28), (30),
we obtain our second main result,
f({N}) = δ
(N
A1
avg−NA2avg)∈Z
n∏
k=1
e
2piik
n
(
N
A1
k −N
A2
k
)
×
{
(−1)NA1avg−NA2avg n even,
1 n odd.
(32)
The above analysis implies that measurements of UˆnegA on
the FTed system yield the Re´nyi entanglement negativity.
As an example, in order to measure the 3rd Re´nyi neg-
ativity one would have to average over a set of measure-
ments using the standard FT, Fˆ = Fˆ+++, with weight
(− 12 ), and a set of measurements using a generalized FT,
Fˆ++−, with weight (+ 32 ); see Eq. (26).
D. Spin Structures
The above calculation of negativities is just a special
case of a general fermionic system with nontrivial spin
structure. Similar quantities appear in, e.g., string the-
ory [100] or the classification of interacting topological
systems [98, 99]. We use the connection of such mani-
folds to entanglement measures of fermionic systems [96]
in order to show that they are not mere theoretical con-
structs, but could actually be measured with ultracold
atoms. As shown in Ref. 96, spin structures of many
(1+1)-dimensional manifolds are related to polynomials
in ρˆA, ρˆ
+
A, Pˆ
Aα
k , and Pˆ
Bβ
k , where Bβ are subregions of B
connecting subregions Aα in copy k = 1 . . . n.
Using the results of this paper, one may experimentally
simulate spin structure partition functions on arbitrary
genus manifolds, as depicted in Fig. 3, by performing
additional parity measurements, Pˆ
Bβ
k = (−1)Nˆ
Bβ
k , in re-
gion Bβ of copy k. Similar protocols apply to (d+1)-
dimensional manifolds obtained by cutting and gluing
Rd+1 at given constant-time hyperplanes.
IV. EXAMPLE
As an example simulating an experimental implemen-
tation of our protocols we study the Klich-Levitov quench
model [78–80] of a tight-binding fermionic chain of length
L at half-filling which is initially disconnected at the mid-
dle at times t < 0 and later connected at times t > 0, see
Fig. 2(top). The time-dependent Hamiltonian is given by
Hˆ(t) =
{
Hˆ0 t < 0,
Hˆ1 t > 0,
(33)
Hˆ0 =
L/2−1∑
j=1
(aˆ†j aˆj+1 + h.c.) +
L−1∑
j=L/2+1
(aˆ†j aˆj+1 + h.c.),
Hˆ1 =
L−1∑
j=1
(aˆ†j aˆj+1 + h.c.).
The time-dependent density matrix at times t > 0 both
before and after the (generalized) Fourier transform are
thus given by
ρˆ(t) = lim
β→∞
e−iHˆ1t
e−βHˆ0
Tr e−βHˆ0
eiHˆ1t, (34)
˜ˆρ⊗n(t) = Fˆ{σ}ρˆ(t)⊗nFˆ †{σ}. (35)
In order to simulate our measurement protocols, we
must determine the probability P [f({N})] of a result for
8f({N}) in our measurement protocols, Eqs. (3), (32).
P
[
f({N}) = e 2piimn ] = Tr{δf({Nˆ}),exp( 2piimn )˜ˆρ⊗n}
=
n∑
q,q′=1
e−
2piimq
n Tr
{ n∏
k=1
e
2pii
n
(
Nˆ
A1
k ±Nˆ
A2
k
)
[[k(+ 12 )]q+q
′]˜ˆρ⊗n}.
(36)
Here, the “±” distinguishes between the negativity and
the entropy, and the “(+ 12 )” applies only for even n.
The evaluation of this trace of exponentials is done us-
ing the methods of Refs. 38, 85, and 86 for the entangle-
ment entropy, and using the methods of Refs. 39, 72, and
73 for the entanglement negativity. We simulate A∪B of
32 sites, with |A| = 16 for the entropy and |A1,2| = 2 for
the negativity. The data presented in Fig. 2(bottom) is
attained by randomly sampling f({N}) from P [f({N})]
and averaging over the instances. We sample 600 in-
stances for the Re´nyi entanglement entropy as well as for
the Re´nyi entanglement negativity. The error bars dis-
play the statistical standard error of the mean (SEM).
V. CONCLUSIONS
We described, for the first time, experimental protocols
for direct detection of various entanglement measures in
fermionic systems beyond the 2nd Re´nyi entropy. We pre-
sented a complete paradigm that enables the evaluation
of all Re´nyi entropies and negativities for both pure and
mixed states.
Possible applications include: testing the scaling laws
of entanglement in many-body quantum states, deter-
mining the coherence of quantum simulators, and incor-
porating entanglement detections in quantum computa-
tions. Our protocols also allows the use of cold atoms to
quantum simulate the partition function of fermions on
certain manifolds with nontrivial spin structures.
All our protocols are based on performing Fourier
transforms on the quantum system, which may be re-
alized by applying sequences of beam splitters, and are
readily attainable using existing technologies.
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Appendix A: Pure Monomials
We herein explicitly derive Eq. (28).
We wish to evaluate the action of shift operator over a
pure monomial of the decomposed reduced density ma-
trix Tr{(ρˆ±A)n} = Tr{VˆA(ρˆ±A)⊗n}; see Eq. (25). We thus
expand it in the local Majorana basis,
(ρˆ±A)
⊗n =
∑
{µ}
w{µ}(±i)
∑
k |µ2k|
−→∏
k
(γˆA1k )
µ1k(γˆA2k )
µ2k , (A1)
w{µ}
def
=
∏
k
wµ1k,µ2k , (A2)
using the directional product, ~
∏
kaˆk = aˆ1aˆ2 · · · aˆn. Let
us look at the tensor product after a Fourier transform,
Fˆ ρˆ⊗nA Fˆ
† def=
∑
{µ}
w˜{µ}
−→∏
k
(γˆA1k )
µ1k(γˆA2k )
µ2k . (A3)
Since the total number of Majorana operators in any
site is invariant under the transformation, as shown in
Sec. A 1, one finds that the phase factor remains un-
changed, i.e.,
Fˆ (ρˆ±A)
⊗nFˆ † =
∑
{µ}
w˜{µ}(±i)
∑
k |µ2k|
−→∏
k
(γˆA1k )
µ1k(γˆA2k )
µ2k .
(A4)
We are now in a position to look at the action of
Uˆ ferA1,2 =
(n−1)/2∏
k=−(n−1)/2
ωkNˆ
A1,2
k . (A5)
It can be expressed in terms of Majorana operators,
aˆ
A1,2
k =
1
2 (γˆ
A1,2
k + iγˆ
′A1,2
k ), (A6)
such that,
(Uˆ ferAα)
±1 =
∏
j∈Aα
∏
k
(
ω±k+1
2 +
ω±k−1
2 i[γˆ
Aα
k ]j [γˆ
′Aα
k ]j
)
=
∏
j∈Aα
∏
k
ω±k+1
2
(
1 + ω
±k−1
ω±k+1 i[γˆ
Aα
k ]j [γˆ
′Aα
k ]j
)
=
∏
j∈Aα
1
2n−1
∏
k
(
1∓ tan(pikn )[γˆAαk ]j [γˆ′Aαk ]j
)
.
(A7)
We observe two main properties of this expression: (i)
the difference between Uˆ ferA2 and (Uˆ
fer
A2
)−1 is just a minus
sign for any pair of Majorana operators in region A2;
(ii) within the trace Tr{∑µ wµ(γˆ)µ} = w0, and hence
only terms with even number of Majorana operators con-
9tribute. Using the these properties we find
Tr{(ρˆ±A)n} = Tr{VˆA(ρˆ±A)⊗n} = Tr{Uˆ ferA Fˆ (ρˆ±A)⊗nFˆ †}
= Tr
∑
{µ}
w˜{µ}(±i)
∑
k |µ2k|Uˆ ferA
−→∏
k
(γˆA1k )
µ1k(γˆA2k )
µ2k
= Tr
∑
|µ1,2k | even
w˜{µ}(−1) 12
∑
k |µ2k|Uˆ ferA
−→∏
k
(γˆA1k )
µ1k(γˆA2k )
µ2k
= Tr
∑
|µ1,2k | even
w˜{µ}Uˆ ferA1 (Uˆ
fer
A2 )
−1
−→∏
k
(γˆA1k )
µ1k(γˆA2k )
µ2k
= Tr{Uˆ ferA1 (Uˆ ferA2 )−1Fˆ ρˆ⊗nFˆ †}. (A8)
Specifically,
Tr{(ρˆ±A)n} = Tr{Uˆ ferA1 (Uˆ ferA2 )−1(Fˆ ρˆ⊗nFˆ †)}. (A9)
1. Gaussian Transformations
We herein show a useful property of any Gaussian
transformation such as (generalized) Fourier transforms.
Any Gaussian transformation, Gˆ ∝ e−
∑
µν γˆµMµν γˆν ,
acts on a single Majorana by
GˆγˆµGˆ
† =
∑
ν
[ΩG]µν γˆν . (A10)
One of its properties is that when acting on some mono-
mial of degree q of (distinct) Majorana operators such as
Γˆ{µ}q = γˆµ1 γˆµ2 · · · γˆµq , it preserves the degree.
Proof by contradiction: Assume that there is some
monomial Γˆ{ν}p = γˆν1 γˆν2 · · · γˆνpof degree p < q that
would appear in the transform. This would imply that
Tr{Γˆ{ν}pGˆΓˆ{µ}qGˆ†} 6= 0, however, one has
Tr{Γˆ{ν}pGˆΓˆ{µ}qGˆ†} = Tr{Gˆ†Γˆ{ν}pGˆΓˆ{µ}q}
=
∑
{ν′}p′ : p′≤p
w˜{ν′}Tr{Γˆ{ν′}p′ Γˆ{µ}q} =p′ 6=q 0. (A11)
Q.E.A.
We thus conclude that
GˆΓˆ|{µ}|=qGˆ† =
∑
|{µ′}|=q
w˜{µ′}Γˆ{µ′}. (A12)
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